Introduction
The temperature distribution in the upper layers of the regolith of a planet is important for two reasons: this region is the one sampled by remote measurements of the thermal radiation emitted by a planet, and the temperature of these layers constitutes the boundary condition for thermal models of the deeper interior. However, few of the published thermal models for this region treat radiation adequately. The classical analysis by Wesselink [1948] neglected both optical and thermal radiation except as a boundary condition, as did Spencer [1990] in his important discussion of the effects of surface roughness. Usually, when thermal radiation is included its only effect is assumed to be a term proportional to T 3, where T is the absolute temperature [e.g., Henderson and Jakosky, 1994] (however, notable exceptions are papers by Conel [1969] and B. Henderson and B. Jakosky (Near-surface thermal gradients and mid-IR spectra: A new model including scattering and application to real data, submitted to Journal of Geophysical Research, 1 [1995] ). This assumption is a good approximation for the deep interior, where thermodynamic equilibrium prevails, but is incorrect near the surface, where the radiation escapes to space and is not in equilibrium with the medium. Although the solid state greenhouse model of Brown and Matson [1987] allows visible sunlight to penetrate into the medium, it does not include the effects of scattering; hence the discussions in their paper are incomplete. This paper uses the heat equation and the equation of radiative transfer to describe the flow of energy within a particulate medium. The effects of both visible and thermal radiation on the temperature distribution are included, in addition to ordinary solid state conductivity. Thus radiative conductivity and the solid state greenhouse effect appear intrinsically in the model.
In section 2 the basic equations that govern the thermal and
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radiative conditions are introduced. For maximum generality, the quantities that appear in these equations are then reduced to dimensionless form. The time-independent equations are solved in section 3 for a particulate medium of finite thickness whose lower boundary is held at a fixedtemperature, and in section 4 for a semi-infinite medium in equilibrium with incident sunlight. The distribution of temperature and radiance with depth is calculated for several representative cases. As with my previous radiative models, quantitative analytical solutions are derived which, although approximate, retain the essential physics and are sufficiently accurate for most planetary remote sensing applications.
Only time-independent problems are treated in this paper. Although the differential equations for the general timedependent case are given, their solutions will be considered in a separate paper (B. Hapke, manuscript in preparatiOn, 1996) . Using this model, three problems of interest in planetary remote sensing are treated by Hapke [this issue].
Basic Equations

Assumptions and Notation
The system that will be considered in this paper is a semiinfinite, horizontally stratified, particulate medium in a vacuum, in equilibrium either with sunlight incident on its upper surface or with a lower boundary held at a fixed temperature.
The particles of the medium are assumed to be irregular in shape, randomly positioned and oriented, with their light scattering and thermal properties independent of depth. An exact, quantitative description of the propagation of radiation through such a medium is beyond present capabilities, even with the aid of modern high-speed compUters. Hence a number of simplifying assumptions are necessary. The most important assumption is that the radiation fields in the medium can be described by the equation of radiative transfer, In principle, this equation applies only to radiation propagating through a continuous medium whose elements do not interact coher- ently. However, Hapke [1981, 1993a] [1995] also found that models based on the radiative transfer equation predicted the spectral emissivity of powders reasonably well. Hence this assumption has empirical support. The notation and nomenclature used in this paper are similar to those of Hapke [1993a] , but with necessary additions and modifications.
For convenience and reference, quantities are listed in the notation section at the end of the paper. A subscript A denotes that a quantity is wavelength-dependent, while a subscript v or T denotes that the quantity is averaged over the visible or thermal infrared spectral region, respectively; an asterisk denotes a reduced quantity.
The reduced quantities are defined as follows: (rr, q_r(r, q_,,(r,,, t*) q%(%,, t)lJ,,, * * t*) = t)l(m,T4Hr).
A,p*(r*,, t*) = A_%(r,,, t)/Jo, 
Equations
The geometry is shown in Figure  1 . The wavelengthdependent equation of radiative transfer for light that has been scattered one or more times within the medium, and including both external and thermal emission sources, is
where 
is the average visible extinction coefficient, 
where 9' is the angle between _r -12' and 12, 90 is the angle between 12o and 12, Sv(z) is the visible scattering coefficient, • f4_r IT(TT' "Q''' t)pT(TT' g') df_' Similarly, the heat equation is
which can be written
Equations (4), (6), and (7) are the fundamental equations to be solved. It will be assumed that all of the quantities in these equations, except the radiances and temperature, are independent of z and T. This system of equations will then be solved using the two-stream method.
In this approximation, the radiative transfer equation is integrated with respect to solid angle separately over the upward going (0 < O < _-/2) and downward going ( 
The result of hemispherical averaging of (4) for the visible radiation consists of two coupled equations:
and
where the factor of +-V2 on the left-hand side of (9a) and (9b) is the average value of cosO in each hemisphere. Let
_p_(%, t) is the spherically averaged radiance in the medium at optical depth % and time t. By alternatively adding and subtracting (9a) and (9b), they can be put into the form
Let 3',, -(1 -w,,) '/2 and G, = (1 -/3,,w,,) '/2. Then (llb)
can be solved for A%,, 
and assuming that the particles of the medium radiate isotropically, the IR radiative transfer equation can be put into the form 
and 1 O2qor(rr, t) = 2 2 grYr_ T4(rr, t).
(16b) 4
Or 2 _rYrq_r(rr, t) -_2 2 0"0 Finally, the heat equation can be written in the form
In order to solve (12), (16), and (17), six boundary conditions must be specified. Three are that the temperature and radiances must be finite everywhere, including z -+ oo if the medium is infinitely thick. If the medium is of finite thickness then conditions on the lower boundary must be given (see section 3). Two more result from requiring that there be no sources of visible or IR radiance above the r = 0 level, except for the collimated irradiance J,,, which is included as a source term in the equations, and is not a boundary condition. This
and 16,822
or q_r(0, t) = A_or(0, t).
The remaining boundary condition on T comes from the requirement that the only flux of heat crossing the r = 0 boundary is carried by thermal radiation and none by conduction. However, the conducted heat flux, kOT/Oz, must be continuous across any horizontal plane, including the upper surface of the medium.
Since k = 0 above the surface, but not below it, this requires that
as the surface is approached from below. 
Equations in Reduced Form
In order to make these equations as general and simple as 
with the boundary condition
Arbitrarily choosing r_ as the reduced spatial variable, the reduced heat transfer equation (17) becomes
with the boundary condition 0T*(0, t*)/Or*r = 0. 
If there is no visible source, the last term on the right band side of (24a) or (24c) , 1972] . Taking p = 1 × 103 kg m 3, gives t D _ 5.5 s.
A Medium Heated From Below
Solution
The first solution that will be obtained is for a system con- where Sp is the reflection coefficient of the plate integrated over the upward hemisphere.
By KirchhotFs law, Sp = i -ep.
Converting to reduced quantities, and using (14) and (23b) In the near-surface region the solution to (23a) with T* constant and that satisfies the boundary condition (23c) is q_T(rr) = TI_ 4 q_7:_e 2yj_rT_ 3'r These arguments suggest that the thermal flux may be approximated by q_r(rT ) __ T*4(C_) _ 9 *_"_°-2W_;;.
which is a second relation between q_T_,'' and T'_ and can be used along with (30) to solve for these quantities.
Using the boundary layer approximation, Converting to unstarred quantities, this equation can be put into the form
The 
where e_, is the hemispherical emissivity.
Hence the medium radiates into space at an effective temperature T_, which is approximately equal to its actual surface temperature, and with a hemispherical emissivity
Planetary Regolith in Equilibrium
With Sunlight
Solution
The second case to be considered is a semi-infinite particulate medium permanently facing the Sun. In the classical steady state problem all absorption and emission of radiation is assumed to take place at the surface, so that the heat equation 
and a hemispherical emissivity
where H(w, x) is the solution of the integral equation
a 0 and may be approximated by
so that
and 
If the IR reflectance of the medium is small, as is often the case because of the strong reststrahlen bands there, TT is close to one and the factor (1 -TT)/6(1 + TT) in (44) and (45) 
1 d2q_ rapidly from a value of (OTs*at the surface, as required by the boundary condition, and then levels off either to a constant value or to a more gentle rate of increase.
The rapid rise is a direct result of leakage of thermal radiation from the surface.
The medium approaches thermodynamic equilibrium when *>3.
T T
The behavior
of T* is more complex. The slope of T* is zero at the surface, as required by the boundary condition, but as +_increases, T* may exhibit a positive or negative slope, depending on the relative value of 3'_ compared with 3'* and/Xo.* If these quantities are comparable, T* has a positive slope. However, the slope of T* may be small or even negative if 3'_ is small. Heating by unscattered visible radiation occurs over an 2 optical depth of the order of 1 IX*o,, = 1/_/_o and by multiply scattered visible radiation over 1/3'* = _J3"v, but the IR flux is radiated from the surface over an optical depth of the order = 1//_ or, or of 1/3'_-_r/3'r. If 1/3'_ is larger than * 1/3'% then heat must be conducted from the visible heating source, which is closer to the surface, to supply power to the deeper IR radiative sink. This requires a negative temperature gradient.
Thus, when i is large a negative greenhouse effect can occur.
Henderson and Jakosky [1994, also submitted manuscript, 1995] have previously pointed out that large positive subsurface temperature gradients are possible, but they did not investigate cases where the gradient was small or negative. It should also be emphasized that the widths of the gradients in actual depth z (rather than in reduced depth _'_-) will depend inversely on the particle density or filling factor. As shown in Figure 6 , the parameter q has a relatively small effect on the reduced variables (although, of course, the absolute effect can be large). The reason can be seen from (58) for the total rise in temperature.
As q increases, the visible heating increases, which increases T*(oo) -T*, but the radiative conductivity also increases, which limits the rise in temperature. 
Substituting
where (l+v_ ,'_'/4
and q_T., is given by (56). The boundary layer approximation (equations (59)-(61) is plotted as dashed lines in Figures  3-6 .
The exact and approximate solutions are within a few percent of one another everywhere.
Emitted Thermal Radiance and
Hemispherical Albedo
The thermal flux radiated from the surface, the effective temperature at which the surface radiates into space, and the hemispherical emissivity can be determined in the same way as 
and the hemispherical emissivity is 
C_-w L,-/3,,vv (61) and (56), and T_ is the blackbody radiative equilibrium temperature.
Conclusions
The temperature and thermal radiance in a planetary rego- (For a rotating body F(t) is a square wave with period P: F(t) = 1 when 0 <-t <-P/2, and F(t) = 0 when P/2 < t < P.) G _( z, 12', f_ ), G v( z, Ft ', 12), G T ( Z, 12', 12) Hi(w) ho angle between the direction 7r -12' from which the radiance comes and the direction l_ into which it is scattered.
(1 + 2x)/(1 + V_ -w x). first moment of the H functions.
Planck's constant.
Ix(z , _, t), Iv(z, l), t), IT (Z, 12, t) 3"_ = Kx/E_, %2, = KJE_,, 3'2 = KT/ET.
If the filling factor + of the medium is not small, Nj(z) must be multiplied by the factor -ln(1 -6)/4'.
